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ON A GENERAL FORM OF THE SECOND MAIN THEOREM

MIN RU

ABSTRACT. We give a proof of a general form of the Second Main Theorem for
holomorphic curves with a good error term. Two applications of this general
form are also provided.

1. INTRODUCTION

In this paper, we give a proof of a general form of the Second Main Theorem for
holomorphic curves in Nevanlinna theory (Theorem 2.3) by using the techniques of
Ye [19] to get a good error term. This theorem was first proved by Vojta [15], but
with a less precise error term. We then explain why this general form is more useful
than the usual form of the Second Main Theorem by giving two applications. The
first application is a simple proof of the Second Main Theorem with moving targets,
originally obtained by Ru and Stoll [8]. We indicate that the general form of the
SMT with fixed hyperplanes (Theorem 2.1) implies the Second Main Theorem with
moving targets. The second application is to establish a Second Main Theorem for
linearly degenerate holomorphic mappings with a good error term. We note that
all the proofs in this paper work also when the domain is C™ instead of C.

2. A GENERAL FORM OF THE SECOND MAIN THEOREM
WITH A GOOD ERROR TERM

Motivated by Schmidt’s subspace theorem in number theory, Vojta [15] formu-
lated the following general form of the Second Main Theorem for holomorphic
curves. Here we use the standard notation in Nevanlinna theory.

Theorem 2.1 (A general form of the SMT). Let f = [fo: - : fu] : C — P"(C)
be a holomorphic curve whose image is not contained in any proper subspaces. Let
Hy,...,H, be arbitrary hyperplanes in P™"(C). Then, for every e > 0,

| S, 6N < (14 TS0,

s

where . < . means the inequality holds for all r outside of a set E with finite Lebesgue
measure, the maximum is taken over all subsets K of {1,...,q} such that the linear
forms Hj,j € K, are linearly independent, and A (f(re??)) is defined as follows:
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for each hyperplane H = {[zg : -+ : ] € P*(C) | apzo + - - - + anx, = 0}, denote
[ H|| = maxo<j<n |a;| and || f(2)|| = maxo<j<n [ f;(2)]; then
; L) I H|
2.1 A (f(rei®)) = log L€ NTZTL
(2.) (Flre®) = tog L
We note that the hyperplanes H,. .., H, are not assumed to lie in general posi-

tion in the above theorem. By the product to sum estimate, it implies the following
standard form of the Second Main Theorem for holomorphic curves.

Theorem 2.2 (SMT). Let Hy,...,H, be hyperplanes in P™(C) in general posi-
tion. Let f: C — P"™(C) be a holomorphic curve whose image is not contained in
any proper subspaces. Then, for any e > 0,

me(Hj,T) < (14 OTy(r),

where . < . means the inequality holds for all r outside of a set E with finite Lebesgue
measure, and the proximity function my(H,r) is defined as
2m
9+ dO
mp(H,r)= [ Au(f(re’))5-.
0 27T
In this paper, we examine the error term which appeared in Theorem 2.1, and
obtain the following result:

Theorem 2.3 (A general form of the SMT with a good error term). Let f =
[fo : -+ : fu] : C — P™(C) be a holomorphic curve whose image is not con-
tained in any proper subspaces. Let Hu,...,Hy be arbitrary hyperplanes in P™(C).
Let ¢ and ¢ be increasing functions in RT with

/OO dr < o0, and Ooi:oo
e T(r) ’ e O(r)

Then the inequality

holds for all v outside a set E with fE dr/¢(r) < oo. Here the mazimum is taken
over all subsets K of {1,...,q} such that the linear forms H;, j € K, are linearly
independent, and N(Ry,r) is the ramification term.

The error term problem was first raised by S. Lang, motivated by its analogy with
number theory. Since then, a number of results have been obtained; see Lang [4],
Lang-Cherry [2], Wong [17], Wong-Stoll [18] and Ye [19]. Our proof here basically
repeats Ye’s argument (cf. [19]).

Recall a lemma in [19],

Lemma 2.4 (Lemma 6 of [19]). Let g be a non-constant meromorphic function.
For arbitrary a with 0 < ol < 1/2, there exists a constant C,Cy,Cy such that for
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anyr < p <R,
27 | (1) (i |¥ lo
9" (re’) p R
| do<C CiT. Cylo
glre?) | T <r<p—r>> Crlale)+ Calos

Remark. Thanks to William Cherry, (4.14) [19] is incorrect, thus, the above lemma
is slightly different from Lemma 6 in [19]. To derive this lemma from Lemma 6 in
[19], only (4.13) is used, which remains correct.

1
2w

pTg (P)]la~

The following is a standard lemma in Nevanlinna theory; for reference, see [3].

Lemma 2.5. Let i, ¢ be defined in Theorem 2.8 and T a non-decreasing function
on RT. Then there is a constant C > 1 such that

() i
T Srey) =10

for all large r outside a set E with [}, dr/¢(r) < oco.

We now prove Theorem 2.3.

Proof. Denote by K C {1, ..., ¢} such that linear forms Hy, k € K, are linearly a set
of indices independent. Without loss of generality, we may assume that ¢ > n + 1
and #K = n+1. Let T be the set of all injective maps p: {0,1,...,n} — {1,...,q}
such that Hy, ), ..., H,(n) are linearly independent. Then

(2.2)
27 ; de
/O m}gxkeZK)\Hk(f(T‘e 0))§
:/0 ﬂﬁ?%(jz_:olog (OIgaX | fu(re') /| Hpus) (f (re 9))|> %ﬂLO(l)

27 n+1 n » do

= [ 0w e (s e T (51001 ) 57 +000)
27 n+1 n . do

< [T { (Orglax e}/ TT (el ) £ 5 +00)
0 HeT j=0

/27T ,u(O) (f) ,u(n)( ))' (Teie) d_e
0 T |H o (f u(l)(f) ) ()] 27

27 n+1
—|—/O 1og{(max | fi(re’ )|> /|W(f0,...,fn)|(rei0)} % + O(1).

In the above, we used the property of Wronskians that

W (fo, - fo)l = IW(Hpuo) () -+ Huny (F))] - C,

where C' is a constant. We estimate the first term on the right-hand side of (2.2).
Denote

(2), 0<I<n.
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From the concavity of the logarithm, the Holder inequality, Lemma 2.4 and the
inequality (32, ;ai;)® < €32, ;af, for ajj > 0 and any o > 0, we have, for
an(n+1) <1,

(2.3)

o |W( )(f) : 7Hu(n) (f))| reie ﬁ

l n |W( 1(0) (f) aHu(n) (f))| rew “ ﬁ
Saﬂl%gyﬁmm>mmwwfmmﬁﬁ 0 +o)

. /% .3y <|W (1, 9,01), --,gu(n))|(mi9))a%+0(1)

LweT |gu (1) gu(n)|

(i) (in) |*
Iu®) . Ium iy | 40
s, e - 1
/ {}j > (re'®) § 5 +0(1)

HET i1+ 44, <n(n+1)/2 g,u(l) gu(n)

I /\

(il) (in) *

27 g g i )
Sllog/ Z Z Jp) o Zem) (re'?) ;i_9+0(1)
@ 0 WET iy +otin<n(nt1)/2 | IPD) I T
.y ja(n+l) 1/(n+1)
1 n 2 g(l(ll)) do
< —lo ey re'?)— + O(1
splsyY X I eeng 0
PET i1+4+ip,<n(n+1)/21=1
1 n P o
< —log{ > > 1T ((T( _T)) [Ch T, 0 (p)
HET i14--+i, <n(n+1)/21=1
R ilOL
+ Cs log ng#(z) (p)] +0(1)
n(n+1) p R
< log Ci1T¢(p) + Cylog ———T + O(1).
Taking
o(r) R+r (r)
R=r+—F——+—and p= =7+ — ",
U(Ty(r)) 2 2(Ty(r))

and applying Lemma 2.5 gives

Ty(p) < Ty(R) < CTy(r),
R < 2U(Ty(r))
p(R—p) = &(R)
Recall that ¥ is the function such that | #@) < 00, and the smaller ¥, the better.
So WLOG, we assume that ¥(z) < z. Thus we have

R
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Thus, (2.3) becomes

°r W(HM(O)(f)ﬂ - aHu(n)(f) 0 do
1 -
(2.4) /0 - ; [Hu(0) (F) Hyu) (F) -+ Hyumy (F)] U o
n(n+1)  Tp(r)(Ty(r))
<. 5 log o) +0(1).
Now
2 o\ , do
/0 log {(Olg%xn|fl(7“€w)|> /|W(f0,~-.7fn)(7”€w)|} o
o ; n+1 do 27 1 de
(2.5) = ; log (Oréllagxn |fi(re 9)|) Py —l—/o log W o F) e o
= (n+1)Ts(r) = Nw(0,7)
= (n+1)Ty(r) = N(Ry, 7).
Combining (2.2), (2.4) and (2.5), we conclude the proof. |

3. APPLICATION I: A SIMPLE PROOF OF THE SECOND MAIN THEOREM
FOR MOVING TARGETS

The purpose of this section is to show how the general form of SMT with fixed
targets (Theorem 2.1) implies the SMT with moving targets which was originally
proved by Ru-Stoll ([8]) in 1991. We note that the usual form of the SMT with
fixed targets doesn’t directly imply the SMT with moving targets, but the general
form does! This is one of the motivations for writing this paper. This observation
is also used in another paper, joint with Vojta ([10]), to prove Schmidt’s subspace
theorem with moving targets in number theory.

Theorem 3.1. Let f = [fo:--: fa] : C — P™(C) be a holomorphic map. Let G be
an arbitrary finite set of ¢ holomorphic maps H; = [ajo:---: aj,]: C— P™*(C)*.
Let Rg be the smallest field which contains C and all aj,/aj, with aj, # 0. If f
is non-degenerate over Rg, meaning that fo, ..., fn are linearly independent over
Rg, then for every e > 0, we have

2
/0 mase 3 Ay e (F(re) 2 < (n 1+ Ty (r) + O (m x T, <r>) ,

27 1<j
ke =I=4

where . < . means the inequality holds except for those r contained in a set E C R
of finite Lebesgue measure, and where maxy is taken over all subsets K C {1,...,q}
such that H(z), for k € K, are linearly independent for some (and hence for almost
all) z € C.

The moving hyperplanes Hy, ..., H, are said to be in general position if Hi(z),
.., Hy(z) are in general position for some (and hence for almost all) z € C. By
the “product to sum estimate”, the above theorem implies the SMT with moving
targets [8]. For the sake of completeness, we recall the “product to sum estimate”
lemma.
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Let G be a finite set of ¢ > n + 1 holomorphic maps H; = [ajo:---:ajn]: C—
P"(C)*, 1 < j < g, such that Hy,... 7Hq are in general position. Define
H A - N
F(g)(z):min{” f(o)(z) ”( @l u:Z[O,n]a{l,...,q}},
HHN(O)(Z)”"'HHM w (2|l
for all z € C, where H; = (ajo,-..,a;,). By the general position assumption,

D ={z€C|T(9)(z) =0}
is a closed set of isolated points.

Lemma 3.2 (product to sum estimate; cf. Theorem 6.2 of [8]). Let f = [fo:---:
fn] : © — P™(C) be a holomorphic map. Let G be a finite set of holomorphic maps
H; =lajo:-:a;n : C— P"(C)*, 1 <j <gq, such that Hy,...,Hy are in
general position. Take a point z € C — D such that H(f(z)) # 0 for all H € G.
Then there exist i(z,0),...,i(z,n) among 1,...,q such that

Hf ||||H I (258 T @ H e ()]
11 (F(g)(Z)) H [ Hizy (f(2))]

Heg

Proof. Given any z € C — D, we have fixed hyperplanes {H(z)|H € G}, and they
are in general position. It is well-known (cf. Theorem 6.1 of [8]) that for the number
a = (1/2)3"F31(G)(2) we have #I(f(2),a,G) < n, where

;| dmuen
I(f(2),a,G) = {J I F)INH;(z)] ~

Chhoose i(2,0),...,i(z,n) € {1,...,¢} such that I(f(2),a,G) C {i(2,0),...,i(z,n)};
then
Hf ||||H )|| N N i ()]l
11 - (a) H [Hi(z)(f(2))]

Heg
(22N T N e (2)]
_(F(g)(Z)) H [Hia (f(2)]

a1<j<q}

|

It is now clear that Theorem 3.1, together with Lemma 3.2, implies the SMT with
moving targets.

Theorem 3.3 (SMT with moving targets; cf. [8]). Under the same assumptions
in Theorem 3.1, if, in addition, we assume that the hyperplanes H; = [ajo : -+ :
ajn): C — P"(C)*, 1 <j <gq, are in general position, then for every e > 0, we
have

Z me(Hy,r) . <.(n+1+e&)Tf(r)+0 (manTHJ( )) ,
i=1

where . < . means the inequality holds for all v outside of a subset E C Rsq with
finite Lebesgue measure.

We now prove Theorem 3.1.



ON A GENERAL FORM OF THE SECOND MAIN THEOREM 5099

Proof. Without loss of generality, we can assume ¢ > n + 1, and that at least
n + 1 of the hyperplanes are linearly independent. Let T be the set of all maps p :
{0,1,...,n} — {1,...,q} such that H,,)(2),..., H,m)(z) are linearly independent
for some (thus for almost all) z € C. Without loss of generality we assume that

(fo,-- -, fn) is areduced representation for [, meaning that f; are entire and without
common zeros. For each 1 < j < ¢, choose j so that a;; # 0, and define
(3.1) Ga(z) =a5(2)/a;5(2), j=1,...,¢; 1 =0,...,n.

Let L(s) be the vector space generated over C by

q n
ZB’D...CTSO... f;"...g;l);}in ni7j€NﬂzZni>j:s
i=1 j=0
We have L(s) C L(s+1). Let {b1,...,bys11)} be a basis of L(s + 1) such that
{b1,...,by(s)} is a basis of L(s), where £(s) = dim L(s). Let F' = P(F): C —
P(C(+Ds+1)) he the holomorphic map defined by

F(z) = (01(2)fo(2), -+, begss1y (2)Jo(2), b1(2) f1(2), - bigory (2) fu(2))

(3:2) e CnHDis+1).

Because f is linearly nondegenerate over Rg, F'(C) is not contained in any hy-
perplanes in P(C D+ We will apply the general form of the SMT (Theo-
rem 2.1) to F. The next step is to construct, for each u € T, fixed hyperplanes
{H (Wl =0,...,n;5 =1,...,£(s)} in P(C+D+D) such that Ay (F'(2)) ~

AH, () (f(2)). For j=1,...,q, let h; be the meromorphic function defined by
- fi(z) ,
3.3 hi(z) = (o + Gz i=1,...,q).
(3.3) i(2) = Go ;Jl()fo(z) ( )
The bjh,qy(j =1,...,£(s),l =0,...,n) can be written as C—linear combinations

of b,,1 < r < {(s+ 1), and the products by (fg/fo) for a = 1,...,4(s + 1) and
B=0,...,n. In other words there is an (n + 1)£(s) X ((n+1)¢(s+ 1)) matrix C(u)
with entries in C such that

by
b1hy0)
1 G
: b1 (f1/ fo
be(s)Pu(o) :
3.4 : =C '
(3.4) : (1) be(s+1) (f1/fo)
bifryu(n) :
by (fn/fO)
be(s)Ppu(n) :
be(s+1) (fn/fO)

Forl=0,...,n,j =1,...,4(s), let H; (1) be the hyperplane in P(C+D¢s+1))
defined by the corresponding row in C(p); i.e., if ¢;;(p) denote the elements of
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C(u), then

ffl,j(ﬂ) ={ (Y10 W), 0 YLL Yo 1)1t Yn o Ye(s+1) )

(3.5) € P(COTVTIY gy rin (Y10 + - + Cos)yrgecs+1) (B)Ye(s) 0

+ Cle(s)+g00s+1)+1 (Y11 + -+ Clags) g 20(s+1) () Ye(s+1) 1
o sy () e(s+1) (WYe(s1),n = 03

Since H,,0y(2), ..., Hy,m)(2) are linearly independent for some z and fy,..., fx
are linearly independent over Rg, h,(0),---,humn) are linearly independent over
Rg. Thus, by the choice of by, ..., by, (bjhu(l))jzl,__,g(s); 1=0....n are linearly in-
dependent over C. Hence, ﬁl,j(,u),l =0,...,n, j = 1,...,£(s), are linearly in-
dependent for each p € T. Applying Theorem 2.1 for F, with the hyperplanes
{H ()l =0,...,n;5 =1,...,£(s)}, yields

.....

n £(s)

(3.6) / glg%czz s F ));z_e A+ 1)(s+ 1) +€/2) Tr(r).
=0 j=1

We now compare T¢(r) and Tr(r). In fact, for each z € C, not in the set of the
poles of by, ..., bys41), we have

IE(2)]
= max([b1(2)fo(2)l;- - [be(s+1)(2) fo(2)]; [01(2) fL(2)]; - - [be(ss1) (2) fu(2)])
+0(1)
= max([fo(2)l,- .., |[fu(2)]) - max([bi(2)], - -, [beis+1)(2)])
= £ max(jor(2)], - - begs41)(2)]) + O1).

By first main theorem

27 I
To(r) = /O o 25'()' (rei®)d0 + N (r, [by fo = 0])

N(r,[1/by =0]) + O(1)

e M et — 0110 (o
= [ToslL a0 w01 = 0+ 0 (max i)

Therefore

7 Te(r) =1(0) + O (max T ().
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Next we compare Ay, (-)(f(2)) and Aft () (F(z)), for each p € T. By (2.1), (3.1),
(3.2), (3.3), (3.4), and (3.5)

Aﬁl,j(#) (F(2))

|cie(s) 15,1 (1)01(2) fo(2) + - - - 4 Clo(s) g, (n+1)e(s+1) (1) De(s1) (2) fr (2)]
maxXo<r<n | fr(2)] - maxi<a<e(s+1) [ba(2)| - maXi << (ni1)e(s+1) [Ce(s) 450 (1)
1b;(2)huy (2)]- | fo(2) |
maxXo<r<n |fr(Z)| sINaX] <o <l(s+1) |ba(Z)| s INAX] << (n4-1)L(s+1) |Cze(s)+j,r(ﬂ)|
10 (2)] - 1€y, 0(2) fo(2) + - 4 Cuay n (2) fn(2)]
maxo<r<n |fr(Z)| sINaX] <o <l(s+1) |ba(Z)| s INAX] << (n4-1)L(s+1) |Cze(s)+j,r(ﬂ)|

maxo<r<n |au(l)7r(z)| |bJ (Z)|
=A 2(f(2)) —log —log +0(1),
Suto(s 1,0y, 5 (2)] max1<a<i(s+1) [ba(2)]

where the above equality holds for those z € C such that ||F(z),ﬁlj(u)|| #*
0,11f(2), Hyay(2)l # 0, fo(z) # 0, and such that z is not in the union of the
sets of the zeros and poles of (;; and b,, 1 < j < ¢,0 <1< n,1 <r <{(s+1).
Combining this with (3.6) and (3.7) gives

df
/ TS%ZAH ) (rei?) ))%

n £(s)
df
= / max > > g, (Flre?)) 5 +0(f2a<x T, (r >)
=0 j=1

<o ((n+Dl(s+1)+€/2)T¢(r) + O (manTH (r ))

Hence

do
/ lglg%( Z M, (reio) (f(re'®)) o

< (T4 n)l(s+1)/L(s) +€/20(s)) Ty(r )—l—O(mjaéc Tw,(r ))

By Steinmetz [12],

lim inf fs+1)

minf =7 = 1

Thus, for the given € > 0 there exists an s € Zs( such that

Us+1)/(s) <1+ ¢/2(n+1).

Choosing such an s concludes our proof. O

4. APPLICATION 2: THE SMT FOR LINEARLY DEGENERATE
HOLOMORPHIC MAPPINGS WITH A GOOD ERROR TERM

In this section we will derive the Second Main Theorem with a good error term for
the holomorphic curves whose image is contained in some k-dimensional subspace
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of P™(C). By using Nochka weights, we reduce the problem to Theorem 2.3, and so
we regard this section as the second application of the general form of the Second
Main Theorem (Theorem 2.3).

Theorem 4.1. Let f = [fo: -+ : fu] : C — P™(C) be a holomorphic map whose
image is contained in some k-dimensional subspace but not in any subspace of
dimension lower than k. Let H; = [ajo : -+ : a;n), 1 < j < q, be hyperplanes
in general position. Let v and ¢ be increasing functions in RY with

/Ooi<oo and Ooi=oo
e TY(r) ’ e o)

Then, we have

q

n+1
> mpn )+ (g ) ¥R
i=1

Kon k1) Ty ()0 (Ty(r)
2 o)

for all large r outside a set E with [ dr/¢(r) < oc.

< (@2n—k+DT(r) +

+0(1),

Proof. Without loss of generality, we may assume that f(C) ¢ P*(C). So f: C —
P*(C) is a non-degenerate holomorphic map. We also assume that ¢ > 2n —k + 1.
Denote I—L =H;N Pk(C). Then ﬁl, e fIq are in n-subgeneral position, i.e. for
every set P C {1,...,q} with #P = n 4 1 there are u(0),...,u(k) € P such that
ﬁu(o), e ,ﬁu(k) are linearly independent.

Recall the the following lemma about Nochka weights; for details, see [5], [11].

Lemma 4.2 (cf. [11]). Let B = {b; € P*(C*),1 < j < q} be a set of hyperplanes
in n—subgeneral position with 2n—k+1 < q . For each) # P C {1,...,q} let L(P)
be the linear space generated by {I;j|j € P}, where [N)j is a reduced representation of
b;j. Then there exist a functionw : {1,...,q} — R(0, 1], called a Nochka weight, and
a real number 8 > 1, called a Nochka constant, satisfying the following properties:

(i) If j € {1,...,q}, then 0 <w(j)0 < 1.

(i) g—2n+k—1=003_,w() —k—1).

(iii) If 0 # P C{1,...,q} with #P <n+1, then Y ;e pw(j) < dim L(P).

(w)1<(n+1)/(k+1) <0< (2n—k+1)/(k+1).

(v) Given Ei,...,E,, real numbers > 1, and given any Y C {1,...,q} with
0 < #Y < n+ 1, there exists a subset M of Y with #M = dim L(Y") such that
{b;}Yien is a basis for L(Y) and

JjeyYy jeM

Similarly to the proof of Lemma 3.2, since Hy, ... H, are in general position, for
the number a = (1/2)3"*30(G) we have #I1(f(2),a,G) < n, where

|H; (f(2))]

Im@»m®={j 1FH;

Sa,lﬁjﬁq}.
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Choose i(z,0),...,i(z,n) € {1,...,q} such that I(f(2),a,G) C {i(z,0),...,i(z,n)},
and then

(L) ||||H||)““’ (;)2“(w> e
" H< ) e ey ’

1=

where w( /) is the Nochka weight corresponding to H;. Applying Lemma 4.2 with

E =e My, ) ,0 <1 < n, there is a subset M of Y = {i(z,0),...,i(z,n)} with
#M =k + 1 such that {H;(. ;)|i(z,j) € M} is linearly independent, and

ﬁ SOOI U)o T PP,

1=0 i(z,4)EM

. k
Y owlilz)Ag, . (FE) < Y Mg, Z |

=0 i(z,j)EM

where I is the set of all maps v : {0,...,k} — {1,...,q} such that H’y(O)a cee ﬁv(k)
are linearly independent. Combining with (4.1) gives

k

2m ) do
E j 1) < ; ) — :
j:1w(j)mf(HJ,7“) < /0 max 2 A, (f(re ))27r +0(1)

Applying Theorem 2.3 yields

k

2m
/ max )\ﬁw(l)(f(rew))—
0

er
R

<. (k+1)Ty(r)— N(Ry,7)+ k(k;— Y log Tf(r);p(sff(r)) + O(1).

Therefore

> w()me(Hj,r) . < .(k+ 1)Ts(r) — N(Ry,7)

bkt 1)) TV | oy

M ()

Combining this with Lemma 4.2, and recalling that m¢(H;,r) < T¢(r) + O(1), we
have
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M=

<.
Il

|
M @

myg(Hj,r

(1= 0w (j))my(Hy,r) + Y Ow(j)my(H,,r)
j=1

,_.
<.
Il
—

M=

(1 —=0w(j))ms(Hj,r) +60(k+1)T¢(r) —ON(Ry,7)

j=1
B +1) | Tyr)u(Ts ()
+ 0= log —L W)f +0(1)
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